We use molecular dynamics to compute the pair distribution function of liquid TIP4P
I. Introduction
It is superfluous to motivate the persisting interest in a deeper understanding and more effective modeling of the equilibrium structure of water. 1 The paradigmatic status of this molecular liquid in the realms of natural and life sciences, at the interface between a variety of disciplines such as physics, chemistry, and biology, justifies the continuing efforts that are being made to refine experimental tools and theoretical approximations so as to achieve more and more reliable predictions of the microscopic and macroscopic properties of this substance as well as of the many anomalous aspects that mark its thermodynamical, structural, and dynamical behavior in a unique way. 2 The main object of the present study is the calculation of the pair entropy of liquid water, i.e., the contribution of twobody density correlations to the configurational entropy. The statistical-mechanical framework is that provided by the multiparticle correlation expansion of the excess entropy, originally derived for a classical atomic fluid in the canonical ensemble 3, 4 and later extended to the grand-canonical ensemble, 5, 6 the two expressions having in fact been shown to be formally equivalent. 7 Many other authors have discussed this topic; we refer the reader to ref 8 for a short commented list of some relevant contributions to the subject. To our knowledge, the first calculation of the pair entropy of a pure molecular fluid dates back to the seminal paper authored by Lazaridis and Karplus, 9 who investigated the interplay between orientational correlations and entropy in the TIP4P model of liquid water. 10 The TIP4P potential is an effective pairwise four-site potential: a Lennard-Jones interaction site is located on the oxygen, two positive charges on the hydrogens, and an extra negative charge is located away from the oxygen along the hydrogen-hydrogen bisector. Intramolecular degrees of freedom are neglected in the TIP4P model, but nonetheless, this potential turns out to be a good transferable potential in that it ultimately provides a qualitatively correct representation of the phase diagram of water, also in comparison with other interaction models, except at very high pressure. 11, 12 The calculation of the pair entropy for a given model potential requires the knowledge of the pair distribution function (PDF) of the molecular liquid, a quantity that, in the case of TIP4P water, depends on six variables, viz., the distance between the centers of mass of the two molecules and five angles that are needed to specify their relative orientation. Such a function cannot be easily obtained from numerical simulation since a statistically reliable result requires a massive numerical sampling to be carried out over a discrete six-dimensional grid whose spacing is consequently the outcome of a delicate compromise between the available computer power and the desired quantitative accuracy of the calculation. This is precisely the reason why Lazaridis and Karplus evaluated the pair entropy of liquid TIP4P water using a variety of approximations for the five-dimensional orientational distribution function (ODF) which, computed at a given intermolecular separation and then multiplied by the ordinary radial distribution function (RDF), eventually yields the full six-dimensional PDF. Such approximations implemented partial representations of the ODF on the basis of combinations of the monovariate and bivariate angular distribution functions as obtained from numerical simulation.
A few other attempts have as yet followed the route traced by Lazaridis and Karplus for the calculation of the pair entropy of water. Giaquinta and co-workers exploited one of the approximate schemes illustrated in ref 9 , the so-called "adjusted gas-phase" (AGP) approximation, to highlight different ordering regimes in liquid TIP4P water 13 and to "measure" the relative amounts of positional and angular order through the translational and orientational pair entropies, used for the first time together as unbiased, selfconsistent, and independent "order parameters" to map the phase diagram of water. 14 The first "exact" calculationsi.e., one performed without resorting to any approximate partial representation of the ODFsof the pair entropy was carried out by Zielkiewcz in four different models of computer water at ambient conditions. 15, 16 A temperature analysis of the results for the single-point charge (SPC) model was later presented by the same author. 17 More recently, Wang and co-workers suggested a novel nonparametric approach to computing the pair entropy, alternative to the histogrambased method, and further based on a generalized Kirkwood superposition approximation (GKSA) for the ODF. 18 This approach was tested in five water models at ambient conditions.
In this paper, we present the results of a numeric calculation of the full PDF of liquid TIP4P water, carried out with the method of molecular dynamics (MD), at ambient conditions as well as in two other thermodynamic states, at lower temperature and higher pressure, respectively. The general theoretical framework is introduced and discussed in section II, together with the approximations that were implemented for the ODF in addition to the direct MD calculations, whose technical details are summarized in section III. The resulting translational and orientational pair entropies are presented in section IV and therein compared with the experimental data for the excess entropy of ordinary water. Section V is finally devoted to concluding remarks.
II. Theoretical Framework
A. Pair Entropy of a Molecular Liquid. Statistical mechanics provides a general expression for the entropy of a classical, atomic or molecular, fluid which, in general, can be written as an infinite sum of contributions associated with spatially integrated n-point density correlations:
where S ex is the excess (with respect to the corresponding ideal gas) entropy. In the absence of external fields, the twobody termsthat, in the following, we shall refer to as the "pair entropy"sordinarily delivers the dominant contribution to the excess entropy of a liquid. 13, 19, 20 As such, S 2 has been often used as an approximate "local" (in thermodynamic space) estimate of S ex in that the calculation of the pair entropy does not require a thermodynamic potential to be integrated along an extended path connecting the state whose entropy one is interested in with another (reference) state where the thermodynamic properties of the fluid are known by independent means, as in the high-temperature ideal-gas asymptoticregime,orcanbecomputedwithothertechniques.
12,21
The pair entropy of molecular fluids reads: 9, 22 where k B is the Boltzmann constant, F is the particle number density, and g(r 1 , r 2 , 1 , 2 ) is the PDF which, in general, depends on the vector radii (r 1 , r 2 ) of the molecular centers of mass and on the pair of Euler angles sets ( 1 , 2 ), where R ≡ {θ R , φ R , R } specifies the absolute orientation of the Rth molecule in the laboratory reference frame {x, ŷ, ẑ}. The three Euler angles are respectively defined in the ranges 0 e θ R e π, 0 e φ R < 2π, and 0 e R < 2π, with angular
. We note that the set of variables introduced above is in fact redundant for a homogeneous and isotropic molecular fluid since, in the absence of external fields, the PDF depends on the relatiVe position and orientation of the two molecules. For water molecules, this information can be encoded into six variables only, viz., the radial separation r between the centers of mass plus five angles. In fact, let us label the oxygen and hydrogen atoms of the Rth molecule as O R , H 1R , and H 2R , respectively; let us further identify the mean point of the segment H 1R H 2R , joining the two hydrogen atoms, as D R . In terms of the unit vectors one has for the angle θ R formed by the dipole moment of the Rth molecule, lying in the direction ẑ R , and the intermolecular axis ẑ:
In order to define the other Euler angles, we need to specify a reference system {x R , ŷ R , ẑ R } sticking out of each molecule. This can be done by defining, for instance, the x R and ŷ R axes as
Hence, in terms of the auxiliary unit vector specifying the line of nodes that is associated with the Rth molecule, we obtain and where arg(u, V) is the polar argument of the vector (u, V).
The angle R describes the rotation of the Rth water molecule around its own dipole vector. One can readily see that one of the above six angles is superfluous; in fact, upon choosing, say, x ≡ N 1 , the angle φ 1 identically vanishes. In the following, we shall refer to this set of angular coordinates as the A set. Actually, one may further take advantage of a symmetry of the PDF that follows from the observation that the pointing directions of the unit vectors x 1 and x 2 depend on the (arbitrary) way one has labeled the two hydrogen atoms within each water molecule. In turn, this choice uniquely determines the pointing directions of ŷ 1 and ŷ 2 . This residual freedom reflects on the behavior of the (exact) PDF that is in fact invariant under R rotations moving this angle to [ R + π(mod 2π)]. Hence, it should suffice to consider the dependence of the PDF on R within the interval [0, π].
We shall refer to this modifiedsby effect of symmetrysset of variables as the A s set. The above choice of variables closely recalls the one made by Lazaridis and Karplus. 9 However, in addition to the pairs (θ 1 , θ 2 ) and ( 1 , 2 ), they used the angle φ ≡ φ 1 -φ 2 describing the relative rotation of a pair of molecules (more specifically, of their respective line-of-nodes unit vectors, N 1 and N 2 ) around the intermolecular axis. Moreover, their conventions on how to measure the two pairs of angles mentioned above differ from those specified for the set A. In particular, H 11 was explicitly taken to be the hydrogen atom of molecule 1 that is closest to the oxygen atom of molecule 2, and similarly for H 21 (see Figure 1 of ref 9 and the relative caption). Lazaridis and Karplus further exploited a number of symmetries of the PDF involving all five angles. In fact, in addition to those introduced above which concern the pair ( 1 , 2 ), they also considered two residual symmetries of the PDF: they noted that the two water molecules are interchangeable, which allows one to integrate the angle θ 2 from θ 1 to π, and also observed that the angle φ can be integrated from 0 to π only. We shall refer to this set of angular coordinates as the B s set which, however, we shall implement without resorting to the additional symmetry concerning the angle θ 2 .
A still different choice (C) was made by Zielkiewicz, 15, 16 who assumed {x, ŷ, ẑ} ≡ {x 1 , ŷ 1 , ẑ 1 }, the orthonormal triad attached to molecule 1 being specified as above by eqs 3 and 5. He then considered the spherical coordinates of O 2 in the reference frame centered on O 1 :
where r ≡ O 1 O 2 f and r ⊥ ) r -(r · ẑ 1 ) ẑ 1 , with 0 e Θ e π and 0 e Φ < 2π, in addition to the three Euler angles (θ 2 , φ 2 , 2 ) that specify the global orientation of the second molecule with respect to the central one, according to eqs 4, 7, and 8. As observed before, the alternative for x R is 2-fold, allowing one to restrict the range of φ 2 and 2 to the interval [0, π]. The set of variables where this latter symmetry property is employed will be referred to as the C s set.
It is important to realize that different choices of the angles that specify the relative orientation of two water molecules, as well as of the associated intervals within which the PDF is then being sampled, lead to different histograms and, consequently, to potentially different numerical estimates of the pair entropy. This is obviously due to the finite integration meshes as well as to the number of symmetries that are implemented in each angular set. In fact, we should expect that the best results will be achieved when one makes full use of the symmetries of the PDF, which is actually the case of the B s set. In this respect, we note that, for an assigned number of configurations over which the PDF histogram is being sampled, the information contents of the histograms built by using the A s and C s sets should be four times larger than that of the corresponding histograms in the A and C sets. On the other hand, the statistical quality achieved with the B s set should be twice as good as that achieved with the A s and C s sets. Now, let Ψ be any 5-fold set of independent angular variables. Upon observing that ∫ d 1 d 2 ) 2π ∫ dΨ, we can rewrite eq 2 as where s 2 is the pair entropy per particle. Following Lazaridis and Karplus, 9 we factorize the PDF as where g(r) is the RDF and g(Ψ|r) is the conditional distribution for the relative orientation of two molecules separated by a distance r, i.e., the quantity that we shall refer to in the following as the ODF. The following normalization condition holds:
Correspondingly, the pair entropy can be resolved into the sum of two terms: where
2π Ω is the translational pair entropy and is the orientational pair entropy that is defined in terms of the orientational local entropy (OLE):
B. Approximations for the Pair Distribution Function. At variance with the RDF, the numerical evaluation of the ODF is a formidable computational task because of the number of variables this function depends on. Approximating the ODF may be in many cases the only viable route to the calculation of the orientational contribution to the thermodynamic properties of liquid water. In this respect, Lazaridis and Karplus proposed a number of approximate schemes for the full PDF, essentially based on the assumption that the ODFs of gaseous and liquid water have similar short-range structures. 9 The first "family" of such approximations was generated by factorizing the ODF into a product of onedimensional (1d) and two-dimensional (2d) marginals, defined as the probability distributions of one angle, or the joint probability distributions of two angles, regardless of the values attained by the remaining angles: and Lazaridis and Karplus (LK) introduced and discussed various factorizations that were tested against the thermodynamic properties (energy, entropy) of the gas phase of TIP4P water. 9 They eventually concluded that, overall, the most balanced scheme was the one which they referred to as the F7 factorization:
where the parametric dependence on the radial separation r is implicit in both the full and marginal ODFs that appear on the left-and right-hand sides of eq 19, respectively. This approximation exploits the "flatness" of the ODF with respect to the angle φ and the ensuing absence, in the liquid phase, of significant correlations between φ and the other angles. 9 In addition to the factorization scheme illustrated above, Lazaridis and Karplus described a different approach based on the low-density limit of the ODF, modified by a subset of the marginal ODFs that were obtained from the numerical simulations of liquid TIP4P water. The resulting AGP approximation for the ODF can be written as follows: where and where we have again suppressed the dependence on the intermolecular distance r. In eq 21, g(θ 1 , θ 2 ), g( 1 , 2 ), and g(φ) are the "exact" marginals, which can be calculated by numerical simulation, while the function g s and the associated marginals follow from where with u(r, Ψ) being the interaction potential and In eq 24, U MD (r) is the angularly averaged interaction energy evaluated at a specified distance r through the MD simulation, U gas (r) is the corresponding quantity calculated in the gas phase, and U(r) is the unweighted average of u(r, Ψ) over orientations. The ODF that follows from eq 20 must be eventually normalized so as to satisfy eq 12. The smoothing function S (r) is such that the angularly averaged energy evaluated through the function g s reproduces the quantity U MD (r).
As seen from eqs 20 and 21, the naive gas-phase approximationsformulated in eqs 22, 23, and 24sis adjusted so as to enforce, through the C LK factor, a reasonable degree of consistency between the resulting ODF and a subset of liquid-phase marginal distributions. Wang and co-workers 18 recently noted that a non-negligible correlation exists between the angles θ and of each water molecule which cannot be accounted for by the mere product of the corresponding 1d marginals, i.e., g(θ) and g( ). Hence, they proposed a GKSA factorization of the ODF that differs from the F7 scheme set up by Lazaridis and Karplus in that the modified ODF includes an extra pair of 2d "intramolecular" marginals, viz., g(θ 1 , 1 ) and g(θ 2 , 2 ). Motivated by this observation, we also report in this paper on three variants of the original AGP approximation where the coupling factor C LK , which appears in eq 20, has been replaced, in turn, by the following expressions:
g gas (Ψ|r) ) (
We shall refer to the three modified AGP schemes reported in eqs 25, 26, and 27 as the AGP1, AGP2, and AGP3 approximations, respectively. We observe that the AGP2 approximation includes the same 2d marginals that also appear in the F7 approximation originally proposed by Lazaridis and Karplus, 9 while the AGP3 coupling factor reproduces the factorization of 2d marginals adopted by Wang and co-workers. 18 In order to simplify the calculation of the pair entropy, Lazaridis and Karplus further resorted to an approximate computational strategy. In fact, they averaged the liquidphase angular distributions that appear in both the F7 and AGP schemes over three distinct spatial regions ("shells") whose boundaries were chosen so as to coincide with the positions of the first peak and of the first two troughs in the oxygen-oxygen RDF of TIP4P water at 25°C and 1 atm. Their choice leads to the following intervals: 0 e r e 0.28 nm, 0.28 nm < r e 0.34 nm, and 0.34 nm < r e 0.56 nm. As for the three gas-phase marginals that also contribute to the AGP approximation, they were apparently calculated at three "representative" distances corresponding to the three regions over which the same marginals were calculated in the liquid by simulation, i.e, 0.28 nm, 0.32 nm, and 0.45 nm. We note that a similar computational strategy was adopted by Wang and co-workers 18 who also computed the OLE over three consecutive shells that closely correspond to the analogous choice made by Lazaridis and Karplus. However, they used a different approach to estimate the pair entropy, viz., the so-called kth nearest-neighbor method.
The AGP approximation clearly depends on the preknowledge of the RDF spatial profile of the model in a given thermodynamic state. We propose a generalization of this method by averaging the liquid-phase marginals over a variable number of shells, N shell ) R max /∆R shell , where R max is the chosen distance cutoff and ∆R shell is the width of each shell. Obviously, the maximum number of shells over which the marginals can be computed corresponds to a discretization of the interval such that ∆R shell ) ∆r, where ∆r is the spatial resolution of the calculation. In addition, the gasphase marginals are computed at the midpoint of each interval. We shall refer to this modified implementation of the AGP approximation as the multishell AGP (MSAGP) approximation.
III. Simulation Method and Technical Details
We carried out constant-pressure constant-temperature MD simulations of the TIP4P model, implemented through the PINY code. 23 The system contained 512 molecules in a cubic cell with periodic boundary conditions. The spherical cutoff of the Lennard-Jones interactions was 0.8 nm. Electrostatic interactions were modeled with the particle-mesh Ewald method. A time step of 2.5 fs turned out to be sufficient for a proper dynamical evolution since the TIP4P model is based on a rigid-molecule description. Typical simulation times were in the 50 ns range, corresponding to runs 2 × 10 7 steps long. The MD configurations were stored every 0.5 ps in such a way that the PDF was calculated over as many as 10 5 system snapshots. Under ambient conditions, the molecular density was initially 1 g cm -3 , corresponding to a width of the simulation cell of 2.48 nm.
As already emphasized, the evaluation of the pair entropy from eq 10 is far from being a trivial task, it being the outcome of a six-dimensional integration. In practice, many aspects of the calculation may seriously influence the final numerical accuracy such as (i) the number, N conf , of configurations contributing to the thermal averages, a parameter that affects the "quality" of the integrand, i.e., its regularity as a function of the independent variables; (ii) the integration mesh sizes (∆r, ∆Ψ); (iii) the numerical integration method, whose impact on the result is not a priori obvious, especially when the integrand happens to be noisy.
The RDF and the full PDF were respectively estimated through the following formulas:
where I(r; ∆r) and I(r, Ψ; ∆r, ∆Ψ) are the corresponding histograms and
We also took advantage of the symmetry properties of I(r, Ψ; ∆r, ∆Ψ), with the effect of doubling the statistics whenever the range of a given angle is halved from 2π to π. We assumed ∆r ) 0.01 nm and ∆Ψ i ) 10°for each of the five angles that were involved in the calculation. This latter value turned out to be a reasonable compromise between histogram resolution and statistics, and moreover, it is the value that has been commonly used in the past literature on the subject. 9, 15, 18 All the integrations were performed using the standard Simpson method. In order to get a quantitative feeling on the numerical error associated with the choices made for ∆r and ∆Ψ i , we compared the RDF obtained directly from the simulation with the output from the normalization condition reported in eq 12 in all the thermodynamic states investigated. We found that the relative deviation was about 3% at very short distances, in the region corresponding to the initial rise of the RDF from zero up to its highest maximum, and rapidly dropped to zero
with increasing distances, already being less than 0.1% for r g 0.3 nm.
IV. Results
We investigated the properties of TIP4P water in three thermodynamic states located in the stable liquid-phase region, i.e., (T ) 260 K, P ) 1 bar), (T ) 300 K, P ) 1 bar), and (T ) 300 K, P ) 4 kbar). We shall first present the results obtained at ambient conditions, which we shall compare with those obtained by other authors using the Monte Carlo or the molecular dynamics method, either resorting to approximate representations of the ODF 9,18 or carrying out a full direct calculation. 15, 16 We shall then illustrate how the pair entropy changes upon lowering the temperature down to 260 K or increasing the pressure up to 4 kbar.
A. TIP4P Water at Ambient Conditions. We computed equilibrium averages at ambient conditions (T ) 300 K, P ) 1 bar) over sets of up to 10 5 MD configurations. The resulting average values of the specific density F m and of the excess internal energy U ex were 0.986 g cm -3 and -10.01 kcal mol -1 , respectively. Under such thermodynamic conditions, the cumulative ideal-gas contribution to the entropy of TIP4P water, modeled as a gas of noninteracting rigid molecules, amounts to 30.74 entropy units (e.u.; 1 e.u.
), 24 about one-third of which (10.44 e.u.) is to be ascribed to the rotational degrees of freedom. We report in Table 1 the currently available estimates of the translational, orientational, and cumulative pair entropies of TIP4P water at ambient conditions for a comparison with the present results.
The translational pair entropy can be computed in a straightforward way since it requires the RDF only as an input (see Figure 1) . Upon using eq 14, we obtained -3.05 e.u. for this quantity.
1. MD Results for the Orientational Pair Entropy. The OLE computed directly from simulationsi.e., using no approximate partial representationsis shown in Figure 2 for all the angular sets introduced in section II.B. The discrepancies observed between some of the five estimates are almost entirely due to their different statistical qualities, as already discussed in section IIB. This aspect is clarified in Figure 3 where we reported the OLEs obtained using the (A, C), (A s , C s ), and B s angular sets, the corresponding histograms now being averaged over sets of configurations whose numbers lie in the ratio 8:2:1, respectively, as suggested by the number of symmetries employed in each angular set. As a result, the five estimates are manifestly seen to collapse onto the same curve. This comparison confirms that the B s set provides the most accurate estimate that can be generated with an assigned number of configurations. , that yields upon integration the orientational pair entropy (see eq 15), depicted for increasing values of N conf . The most relevant feature of this function is the profound minimum located at r ) 2.75 nm, i.e., where the RDF attains its maximum value corresponding to the first coordination shell. We observe that the shape of the minimum, aside from its depth, does not appreciably change with the number of configurations; on the other hand, the longer-range part of the function shifts almost rigidly toward zero as N conf increases. We found that, even upon sampling the I S (or) (r) histogram over 10 5 configurations, the function has not decayed yet to zero over distances corresponding to half the width of the simulation cell. This behavior suggests that, over such intermolecular separations, the decorrelation time of the angular degrees of freedom is on the order of the time (∼50 ns) spanned by the longest MD trajectory generated in the present calculations. The concurring effect of the finite mesh size cannot be excluded as well. Upon integrating the most refined histogram produced for I S (or) (r), we obtained -14.7 e.u. for the orientational pair entropy, a value that is certainly underestimated because of the arguments illustrated before. Hence, in order to obtain a more reliable estimate, we resorted to an extrapolation of the quantity σ(r; N conf ) ≡ g(r; N conf ) S (or) (r; N conf ), that was modeled, as a function of N conf , according to the following inverse-power law:
where σ (r), A(r), and R(r) are r-dependent parameters that were determined through a least-squares fit of the MD data.
This procedure differs in a significant way from the one used in ref 15 , where, instead, a series of estimates of the absolute entropy, obtained over MD trajectories of increasing length, was extrapolated as a function of the simulation time. However, as noted above, such estimates are likely affected by a truncation error arising from the nonvanishing tail of the OLE. This is the reason why we extrapolated this function, and only afterward performed the integration in eq 15.
The current fit was carried out over seven sets of data corresponding to values of N conf ranging between 4 × 10 4 and 10 × 10 4 , with sequential increments of 10 4 configurations. Moreover, every set was assigned a weight proportional to the number of configurations used to calculate the function σ(r; N conf ). The resulting best-fit values of the parameters A(r) and R(r) are plotted in Figure 5 as a function of r. Notwithstanding their apparently noisy aspect, the quality of the fit was good everywhere: in fact, the minimum rootmean-square deviation from the MD data turned out to be less than 10 -5 e.u. in the region of the first minimumswhere, as noted before, the OLE does not exhibit a marked dependence on N conf sdecreasing further with distance by more than 2 orders of magnitude for r > 0.6 nm. The longrange trend of R(r) indicates that the tail of σ(r; N conf ) deviates from σ (r) approximately as N conf -1 . The asymptotic estimate of the integrand function, Ĩ S (or) (r), that we obtained for the B s set is depicted in Figure 6 . Upon comparing this result with the present largest N conf estimate of the same quantity, one notices that the first deep minimum was not significantly affected by the extrapolation, whereas the medium-and longrange behavior actually was to an appreciable extent. In fact, at variance with the N conf ) 10 5 estimate which flattens off over the largest sampled distances at a value of about -0.4 entropy units, the extrapolated function has already decayed to zero over distances beyond the third coordination shell. As for the resulting orientational pair entropy, we obtaineds upon integrating Ĩ S (or) (r)sthe value -11.5 e.u., an estimate that is fairly close to the one (-11.9 e.u.) that we inferred from the results reported in refs 15 and 16 at T ) 298 K, which also were obtained without resorting to any approximate partial representation of the ODF. In any case, a modest increase of the orientational pair entropy such as the one we registered (∼0.4 e.u.) might be consistent with the 2 K temperature gap between the two calculations. Figure 7 shows the outcome of our asymptotic extrapolation of S (or) (r) that is compared with the corresponding approximate estimate obtained by Lazaridis and Karplus using the AGP approximation. 9 We also included the OLE values (-56.77, -24.58, -0.34) that were obtained, in entropy units, from the orientational Shannon entropies of TIP4P water as calculated by Wang and co-workers (see Table 1 of ref 18) over three "representative" shells, i.e., 0e r e 0.27, 0.27 < r e 0.33, and 0.33 < r e 0.56, all distances being expressed in nanometers. We observe that both approximations miss the weakly modulated medium range tail of S (or) (r). Indeed, the modest global shift toward larger distances observed in the Lazaridis and Karplus estimate, as compared with the present calculation, clearly compensates for the faster and abrupt decay to zero of the function which, upon integration, does in fact lead to a result for the orientational pair entropy that is very close to the current estimate (see Table 1 ). A similar performance of the three-shell AGP approximation, with a partial yet fortuitous error compensation, was also observed in the other two thermodynamic states that we shall discuss in the following sections. On the other hand, the estimate reported by Wang and co-workers is one entropy unit larger than the present one, a discrepancy that is less obvious to explain since the method used by these latter authors was not based on a partial or full calculation of the ODF histogram, as done in ref 9 as well as in the present work.
Approximate Results for the Orientational Pair Entropy.
The OLEs generated by the highest resolution (∆R max ) ∆r) multishell variants of the AGP approximation introduced in section II.B are shown in Figure 8 for a reduced set of configurations (N conf ) 10 4 ). We first note that the multishell implementation of the original AGP approximation definitely improves over the original three-shell AGP approximation at short distances. In fact, this more spatially refined estimate closely reproduces the rise of the function for increasing r: the curve neither shows the rigid shift that we commented on above nor the kink at r ) 0.34 nm, which is actually an artifact of using marginals averaged over discrete regions. Note, however, that the MSAGP approximation still fails to reproduce the tail of the function. Somewhat paradoxically, notwithstanding the improvement observed in the OLE at short distances, the multishell implementation of the AGP approximation leads to a lower estimate (in absolute value) of the orientational pair entropy (see Table 2 ) as compared with that obtained from the corresponding three-shell version (see Table 1 ). The worsened agreement is the consequence of the no longer fortuitously compensating failures which affected the short-range and long-range parts of S (or) (r) as estimated by Lazaridis and Karplus.
Better results on the long-range decay can be obtained by suitably modifying the AGP approximation so as to take into account missing angular correlations that plausibly play a role at larger distances. As discussed in section II.B, we tested three differently augmented AGP schemes. The results are shown in Figure 8 . It clearly emerges that the MSAGP1 approximation is closer to the asymptotic MD estimate, from which it significantly deviates at very short distances only. The deeper minimum in I S (or) (r) substantially accounts for the 10% discrepancy between the MSAGP1 and simulation estimates of s 2 (or) (see Table 2 ). We recall that this particular scheme includes the intramolecular correlation between the angles θ and through the marginal distributions g(θ 1 , 1 ) and g(θ 2 , 2 ) whose role and importance have been recently highlighted by Wang and co-workers. 18 However, their approximation as well as the F7 factorization scheme also include cross-intermolecular correlations between the same angular pairs, a combination that we also exploited in the MSAGP3 approximation. As seen from Figure 8 , the inclusion of the marginal distributions g(θ 1 , 2 ) and g(θ 2 , 1 ) worsens the agreement with the simulation data in that these additional correlations do actually overemphasize the structure of S (or) (r) both at small and large distances, producing an even more profound minimum in I S (or) (r) as well as a more prominent long-range tail. Correspondingly, the estimated orientational pair entropy drops by more than four entropy units. The major responsibility of intermolecular (θ, ) correlations in hollowing out a deeper minimum in the integrand function is also confirmed by the outcome of the MSAGP2 approximation where intramolecular (θ, ) correlations have been neglected.
A significative property shared by all the multishell AGP approximations discussed above is their fast convergence rate as a function of the number of configurations. As seen from Table 3 , the estimates of s 2 (or) obtained after averaging the marginals over 5 × 10 3 configurations do in fact coincide with those produced with 10 4 configurations to the first decimal place.
B. TIP4P Water Close to the Temperature of Maximum Density. Upon lowering the temperature while keeping the pressure fixed at 1 bar, TIP4P water first exhibits the well-known maximum density anomaly at T TMD ) 253 ( 5 K before congealing into ice I h at T f ) 232 ( 5 K, i.e., about 40 K below the experimental freezing point. 25 At 260 K, the average values of the specific density and excess internal energy were found to be 1.001 g cm -3 and -10.67 kcal mol -1 , respectively. At lower temperatures, both the positional and angular order are more enhanced and longerranged. The RDF of the liquid is definitely more structured than at ambient conditions (see Figure 1) , and we consistently found a value for the translational pair entropy (-3.59 e.u.) that is about 18% lower than that obtained at 300 K. As for the calculation of the orientational pair entropy, we verified that the fit of σ(r; N conf ) was of comparable accuracy to that achieved at higher temperatures. Also in this case, the tail of σ(r; N conf ) turned out to scale as N conf -1 at large distances. Figure 9 shows the extrapolated OLE and the corresponding integrand function. The comparison with the approximate estimates obtained from the four AGP schemes that we have already illustrated in the preceding sections confirms that even at this lower temperature the MSAGP1 approximation more faithfully reproduces the profile of S (or) (r), both at short and large distances. Correspondingly, the MSAGP1 estimate of the orientational pair entropy was again found to be closer than the other three approximate estimates to the asymptotic simulation value, the relative discrepancy being about 7% (see Table 2 ). We observe that s 2 (or) sand, correspondingly, the amount of angular order in watersis more significantly affected than s 2 (tr) by the 40 K temperature drop. In fact, the value of the orientational pair entropy at 260 K was found to be about 29% lower than that at 300 K. a The asymptotic estimates generated by the extrapolated simulation data are also included for comparison.
b T ) 260 K, P ) 1 bar (R max ) 1.20 nm).
c T ) 300 K, P ) 1 bar (R max ) 1.20 nm).
d T ) 300 K, P ) 4 kbar (R max ) 1.15 nm). C. TIP4P Water at Higher Pressure. We finally investigated the properties of ambient temperature TIP4P water compressed at a higher pressure (P ) 4 kbar), falling in the range where crystalline ice II and ice III phases become stable at lower temperatures. 11, 12 We found 1.134 g cm
and -10.18 kcal mol -1 for the average values of the specific density and excess internal energy, respectively. At variance with the behavior ordinarily observed in simple atomic fluids, the compression largely disrupts the local order observed in water at lower pressures. The effect on positional correlations is manifest in Figure 1 . Notwithstanding this "antagonist" role played by the pressure, we found that, upon increasing P from 1 bar to 4 kbar at 300 K, the translational pair entropy dropped from -3.05 e.u. to -3.35 e.u.; the disruption of a relatively ordered network, which would imply a higher entropy, is more than compensated in this case by the reduction of available positional states produced by the 15% increase of the specific density. The decorrelating effect produced by compression is even stronger on angular order, as witnessed by the moderate increase that was registered instead in the orientational pair entropy (see Table 2 ), notwithstanding the increase of the density. 14 The fit of σ(r; N conf ) turned out to be as accurate as that accomplished in the other two thermodynamic states. The scaling of the function as N conf -1 at large distances was also confirmed. Figure 10 shows the extrapolated OLE and the corresponding integrand function. The comparison between the results obtained from the four AGP schemes confirms once more that even at higher pressures the MSAGP1 approximation is the most reliable approximation at short as well as large distances and also provides the most accurate estimate of the orientational pair entropy.
D. Comparison with Experimental Data. Table 4 presents a comparison between the cumulative pair entropies obtained from the current MD simulations without resorting to any approximation and the excess entropies of both TIP4P and ordinary water. The TIP4P values 26 of S ex were obtained using thermodynamic integration methods for the calculation of the free energy, as extensively discussed in ref 12 , while the experimental values follow from the data for the absolute entropy tabulated in ref 27 , after subtracting the ideal-gas entropy. This latter contribution was calculated from eq (6.5) of ref 27 , which parametrizes the ideal Helmholtz free energy. Note that the experimental estimate of the excess entropy at 260 K obviously refers to metastable undercooled water and was obtained upon extrapolating the values of the specific density and of the absolute entropy below the freezing temperature. We first observe that the pair entropy decreases upon lowering the temperature. The effect produced by an increase of the pressure on the local order of the liquid is more subtle, as already discussed above and more systematically analyzed in ref 14 . In this specific instance, the effect is almost null, since the difference of 0.1 e.u. is presumably within the numerical uncertainty of the calculation. It should further be noted that the almost equal values found for S 2 at 300 K across the 4 kbar pressure gap is the outcome of differing relative weights of the translational and orientational pair entropies.
As shown in Table 4 , at 260 K, the pair entropy actually overcomes the excess entropy: this implies a positiVe value of the so-called "residual multiparticle entropy" (RMPE), a quantity defined as the difference between S ex and S 2 . 19 As diffusely documented in the literature, a positive RMPE is evidence of a highly structured liquid. 13, 28 On the other hand, at 300 K, the RMPE of TIP4P water almost vanishes at ambient pressure conditions, while being negative at 4 kbar but less than 3% of the total excess entropy. We remark that, as previously noted by Lazaridis and Karplus, 9 a small value of the RMPE does not necessarily imply that triplet or higherorder correlations do not play a role in determining the microscopic structure of the liquid. In fact, their overall contribution to the configurational entropy of a given substance may well be small or may even sum up to zero in some thermodynamic points or regions of the phase diagram, despite the fact that distribution functions beyond the pair one do not trivially reduce to the mere product of lowerorder distribution functions.
It appears from Table 4 that at 300 K the pair entropy of TIP4P water provides fairly good estimates of the excess entropy of ordinary water. However, we are also aware that the agreement between the model and experimental data might be partially biased by the 40 K "shift" toward lower temperatures of the phase diagram predicted by the TIP4P model of water relatively to that of ordinary water. 
V. Concluding Remarks
In this paper, we have presented a molecular dynamics calculation of the pair entropy of liquid water, modeled with the four-point transferable intermolecular potential (TIP4P) at three distinct thermodynamic states, corresponding to different values of temperature and pressure. The pair entropy is an integrated measure of two-body density correlations and represents the predominant contribution to the configurational entropy of a liquid. As such, it can be confidently used as a local structural estimate of the total configurational entropy: local, in that it does not call for an integration of the properties of the liquid along a thermodynamic path; structural, since it provides a direct connection between entropy and spatial order as monitored by the pair distribution function. This is the first aspect that we have put under scrutiny in this paper by extending preexisting analyses carried out for TIP4P water to thermodynamic states other than ambient conditions. Our new results for the orientational pair entropy follow from the calculation of the five-dimensional histogram that we obtained upon sampling, at given temperature and pressure, the configurations corresponding to different relative orientations of a generic water molecule with respect to a reference one, while keeping their centers of mass at a fixed distance. An intrinsic bias on the present results comes from the histogram bin width, with particular regard to the angular resolution. Our choice (10°), while being that commonly made in previous works on this subject, arises from a compromise between resolution and statistical quality of the calculations, a compromise that is unavoidably forced by the need for maintaining the overall size of the computation at a feasible level.
A secondary goal of this paper was that of discussing and testing some approximate schemes for the orientational distribution function that are based on the calculation of lower-order marginals, given the heavy computational task one has to face in a full-size calculation. In this respect, we have analyzed the performance of a number of factorizations that partially modify the "adjusted gas phase approximation" originally proposed by Lazaridis and Karplus. 9 We found that the best results, as far as both the orientational local entropy and its integrated value are concerned, were obtained at all of the three sampled thermodynamic states when using the so-called MSAGP1 approximation, which includes intramolecular correlations between the angle formed by the dipole vector of a water molecule and the intermolecular axis, and the angle describing the rotation of the same molecule about its own dipole vector. We emphasize that the MSAGP1 estimates were obtained upon sampling the marginal distribution functions over 10 4 configurations only and appear to underestimate the corresponding "exact" molecular dynamics valuesswhich were obtained with a sampling carried out over a 10 times larger number of configurationssby 12% at the most.
On the other hand, we have also verified that including the intermolecular contribution which arises from cross correlations between the same angles mentioned above but measured on different molecules does actually worsen the agreement with the molecular dynamics results in that the ensuing modified scheme (MSAGP3) manifestly overestimates the degree of orientational order present in the liquid in a systematic way.
